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A saturation theorem and an asymptotic theorem are proved for an optimal,
discrete, positive algebraic polynomial operator. The operator is based on the
Gauss—Legendre quadrature formula.

1. INTRODUCTION

Let { P} be the sequence of Legendre polynomials, orthogonal on [—1, 1],
and normalized so that P,(1) = 1. Assume k = 2n is even and denote by
&y, and ay,_; the two smallest positive zeros of P,, and by R, the polynomial
of degree 4n — 8 defined by

, P(ar)
R (x) = ¢, ( Py o ) (1.1

where ¢, > 0 is chosen so that

~1

| Ru(tydt =1, n=23.. (1.2)

Y1

The polynomial R, generates the positive linear polynomial operator
LU =3[ fOR(EGE) @ —1<x<i a3

This is essentially the operator studied by DeVore in [3, p. 176]. Also note
[1,10]. Let —1 < x,,,, < -+ < xp < 1 be the zeros of Pi(x) and A, ,,
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1 == 1,..., &, be the associated Cotes number. [n view of the Gauss quadrature

formula
.l k
[ P(Ydr =Y A P(x,0. (1.4)
b ¥ v=1
valid for all polynomials of degree <2k — 1. a natural discretization of (1.3)
is the positive linear polynomial operator

Npop —

K(f3) = Z o (5 n) Ry (252 (1.5)

This method of discretizing (1.3) is similar to an approach taken by
Bojanic and Shisha [2] for discretizing positive trigonometric convolution
operators. See also [4. 7, 8]. The purpose of this note is to consider saturation
and an asymptotic formula for (1.5).

2. DEGREE OF APPROXIMATION

THEOREM 1. Let e,(x) = x4, i =0, 1,2, and, for 0 <& < |, let I; --
[—8,8). The {K,) is locally saturated on I with order n=2, trivial class
T(K,) = {I: lis linear on I;} and saturation class S(K,) = ! f: f € Lip L on I,}.

Proof. The proof is based on the fact that

J‘l AAR(t) dt = O(n). Q2.1

This is proved in [3, p. 177]. Let x € I . Using (1.4)

Kﬂ(eﬂ * '\.) - % .Z_nl AV 271R'n ('\.V"Z"z_ A)
:%fl R, ( ) ar.

Using (1.2) and (2.1)

| — Ky(eo. x) — |[_1 Rty dr — | “'m)’z R0 dt |

v—(1+2) 2

1 —({1-x}),2)
— { R,(1) dt + [ R,(t) dt
( of

Y(1-w). 2
1 —{{1-4)/2)
<[ R@a+ [ Ry
Y(1--3) 2
< C(8) Mn3, (2.2)
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where C,(8) and M are constants. Next

l‘Zn

X — Kifer . X) = x — 5 3 AaaRy (xv,-znz—;")
ot . ,

v

—x (l _ %Zn )\v,gn(,\'u,.zn — YR, (iz_”?__—’\))

) Zl )\p-.gn(xl,'gn — X) R, (ﬁ:’n — X)

= x(1 — K, (e, X)) — %Cl (t — x) R, (’_;L) dt

o

(1-z)/2
= x(1 — Kyfey . X)) — 2 [ tR,(1) dt.

Y- (1) '2)

Since R, (1) is an odd function of r,

(1+ixl) 2

o IR(0) dti < [( L Rae)dr

P (e 2 1-"rl) 2

( ' tR, () dt

(1-8)/2

N

Y

1
< Gy9) ( 'R (t) dt

-1
< Cy(8) M,
for some constants C,(8) and M. It follows that
x — K,(e;, x) = O(n*). 2.3)

Using (1.4) and the fact that degree of (tp—px)® R,(t — x) is 4n — 6, we
obtain

=4 [‘d tan(t) dt — ("((ILI' ? R,,(f) dt
J4 J
1
+ J.(1—3_-) thRn(t) dt‘)] . (2.4)
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Using (1.1} and (1.4).

2n

-1
I PR (1) 1 == Z '\u,znxs,:an(—\'v.zrz)
-1

vl

o Z[AZn"\gan(‘YZn) ‘i" ’\2n~1 )‘:jn—l Rn("‘in%”* (25)

where A,, and A,,_, are the Cotes numbers associated with x,, and v, ., .
respectively. There are positive constants C,, C, and a positive integer N
such that » >> N implies

G <SS o (2.6)

L Xepg S

n n '

This follows from [3, Theorem 1.12]. See also [3, p. 177]. Using (1.2), (2.5)
and (2.6). we obtain positive constants C and Cg such that n == N implies

G ' e _C
T R dr <5 (2.7)
1

Using (2.1), (2.4) and (2.7) we obtain positive constants C;(8), Cy(d) and a
positive integer N(8) such that for n > N(8) and x < [;,

CT(‘?) S K — X3 x) < C“(Q‘S) . (2.8)
n* n
Finally
1t f — X
Kn((t — .\')4. X) = i "71 (f — x® R" (T) dt
and it follows from (2.1) that
K ((t — x)L x) = O(n™). (2.9)

Theorem | now follows from (2.2), (2.3), (2.8), (2.9), and Theorem 5.3,
Lemma 5.2 and Theorem 5.5 of [3].

THEOREM 2. If f is bounded on [—1, 1] and f" exists at the fixed point
xe(—1,1), then

KR ) ()
AU O R

where
Ri(t) = f(1) — f(x) — f/(#)t — x)

for —1 <t < | and TH(x) = K, ((t — x)%, x).
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Proof. Let r > 1 and TH¥(x) = K, ((t — x)* x). Since f is bounded on
[—1, 1], there exists a positive number 7 = T(r, f) such that

K(f1x) < TKye,x) <T, n=23... (2.10)

Choose | < r’ <2 such that r—1 + (#)7! = 1. Using (2.8) and (2.9), we
obtain a positive constant, L, such that

o < (VT Lo
ST S e

(2.11)

Theorem 2 follows from (2.10). (2.11) and Theorem 2 of [5].

Remarks. The following considerations show that K, can be used to
approximate on an arbitrary interval I = [a, b].

Let fe C[a, b] and let g be the linear transformation which maps I onto
I; = [—8,8]. Let ye I and g( y)el,. According to the theorem of Shisha
and Mond [6],

FK(fog ), g0 — flun = i Ko(fe g7 (2). x) — fo g7 x)
(I + Kylep) i) w(f=g7", Br)
— fog " Kleg) — 1 4y,

/R

where w(fc g~1, -) is the modulus of continuity of f> g1 on [—1, 1] and

Bu = | Kullt — X252 = O™Y).
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